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Abstract.This research aims to investigate the ability of theVerhulst 
model to estimate the growth of microalgae and the nutrient removal 
by microalgae in wastewater. First, the Verhulst model is applied to 
reproduce the previous results of the microalgae Chlorella Vulgaris 
growth and nutrient removal in different wastewaters. In this 
research, the result showed a similar agreement. Next, the Verhulst 
model is implemented to predict the growth of microalgae 
Botryococcus sp. and nutrient removal by microalgae Botryococcus 
sp. in domestic wastewater.The growth of microalgae and the 
nutrient removal by microalgae Botryococcus sp. in domestic 
wastewater are investigated by using Mathematica software. As a 
result, the estimation of the microalgae Botryococcus sp. growth and 
nutrient removal in wastewater can be obtained and thus the 
microalgae Botryococcus sp.are suitable for treating domestic 
wastewater. 
Keywords.Microalgae, Verhulst model, wastewater treatment. 
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1 Introduction 
As far as we concern, water is one of the most important source in our 
daily life. Therefore, any problems associated with water pollution should 
be treated early. This water pollution includes nutrients which is caused by 
the excessive of nitrogen and phosphorus from a wide range of human 
activities. For example, the excessive of fertilizers that runs into lakes and 
rivers. 
Many studies have shown that the microalgae with theirs 
photosynthetic capabilities to convert the solar energy into useful 
biomasses are able to incorporate the nutrients such as nitrogen and 
phosphorus which cause eutrophication in the wastewater [1]. Microalgae 
or also known as microphytes are unicellular organisms that have been 
used exclusively in wastewater tertiary treatment of many industries. 
Microalgae can grow naturally in wastewater by removing nitrogen and 
phosphorus during their growth which the proteins are about  45-60% of 
microalgae dry weight and the microalgae assimilation of CO2for 
photosynthesis which is about 2 tons CO2for 1 ton of microalgae with high 
tolerance to high CO2concentration and the use of fuel gas enhances the 
growth of microalgae [2]. 
Besides that, microalgae can be used as bioindicator organisms in order 
to identify and qualify the effects of pollutants to environment as they are 
known to be good indicators of water quality and many lakes which 
characterized based on their dominant phytoplankton groups [3]. 
Microalgae wastewater treatment is eco-friendly which is good in the 
prevention of contributing to water pollution and at the same time offers 
the advantages of an effective way of nutrient removal costs and 
production of microalgae biomass to be used as an alternative to 
conventional treatment methods. 
Moreover, the bioaccumulation capabilities of microalgae that has been 
proved in several studies show that microalgae can be applied to treat 
wastewater [4]. The main objective of this research is to investigate the 
ability of a mathematical model in order to estimate the growth of 
microalgae and the nutrient removal by microalgae that can be used to 
treat wastewater. Therefore, the Verhulst model that is a simple and useful 
tool will be implemented in this research in order to describe the growth of 
microalgae and the nutrient removal by microalgae in wastewater. 
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2 Model 
2.1 Microalgae Growth 
In order to estimate the microalgae growth, the Verhulst model can be 
expressed mathematically as [5] 
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whereEq. (3) is the exact solution of Verhulst model for microalgae 
growth. In Eq. (3),  X  represents the growth of microalgae  (cell ML
-1
) , 
 
X
o
 is 
initial concentration of microalgae 
 
(cell ML
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) , 
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 is maximum concentration of 
microalgae 
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) , m  is maximum specific growth rate 
 
(d -1)  and  t  is  
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2.2 Nutrient Removal by Microalgae 
The chemical reaction of nutrient removal such as nitrogen and 
phosphorus by microalgae can be described as [5] 
 
Nutrients+ X ®aProducts+
1
Y
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where for each molecule of nutrient consumed with the added of 
momentary concentration of microalgae (ML-3),  X will form amolecules 
of products and 
 
1
Y
 microalgae are produced. 
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Next, the substrate consumption rate can be expressed as 
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where
 
S
a
 represents the assimilable substrate concentration at an instant  t , 
 
(mg  ML
-1
)  and  k  is kinetic constant. 
The concentration of assimilable nutrients was remained in the medium 
 
S
a
when microalgae incorporated the initial concentration of nutrients 
during the process, 
 
S
ao
and the initial microalgae growth concentration is 
 
X
o
 after a time,  t when part of the substrate has been consumed. The 
concentration of microalgae at that time,  X will be 
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where Y  represents the microalgae yield coefficient; ratio of biomass 
amount produced per amount per substrate consumed, 
 
( MM -1) . 
In experimental process, the concentration of assimilable nutrients 
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cannot be analyzed. However, the total nutrient concentration  
(S)  can be 
identified where it is equal to the total of assimilable nutrient concentration 
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) and unassimilated nutrients concentration 
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Therefore, after some substitutions, modifications and rearrangements, Eq. 
(6) can be developed as follows 
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By performing some transformations to Eq. (7) as the details are 
provided in [10], hence the following equation can be produced 
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In Eq. (8), 
 
p  is considered as the maximum specific growth rate  (m)  of the 
microalgae in the reactor. This equation is the integrated form of Verhulst 
microalgae growth equation [Eq. (3)]. 
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However, to determine the nutrient uptake rate, the value of the 
microalgae yield coefficient  
(Y )  should be known. The microalgae yield 
coefficient  
(Y ) is the ratio of biomass produced per mass of substrate 
incorporated as organic or structural. It can be determined analytically 
from biomass obtained at the end of the stationary phase. Therefore,  Y can 
be calculated by the following equation 
Y =
(X
m
- X
o
)
(S
o
- S
na
)
.     (9) 
3 Microalgae Chlorella VulgarisGrowth and Nutrient 
Removal in Different Wastewaters 
3.1 The Growth Rate of microalgae Chlorella 
VulgarisDifferent Types of Wastewater 
The growth rate of Chlorella Vulgaris is estimated by using the Verhulst 
model as in Eq. (3). There are five types of wastewater that has been 
considered, which are SM_NO3, SM_NH4, WW, WW+NP and 
WW+NP+M[5]. The parameters of microalgae Chlorella Vulgarisgrowth 
for Verhulst model can be showed in Table 1while the biomass evolution 
of microalgaeChlorella Vulgaris in different types of wastewaterand the 
reproduced result are depicted in Fig. 1. 
Table 1.Parameters of microalgae growth of Chlorella Vulgaris [5] 
Parameters SM_NO3 SM_NH4 WW WW+NP WW+NP+M 
oX (mg(SS∙L)
-1
) 83 42 56 77 84 
mX (mg(SS∙L)
-1
) 1239 155 664 1080 1067 
 (d
-1
) 0.78 1.43 0.83 0.79 0.78 
 
Based on Fig. 1, it shows that the growth rate of the estimatedbiomass 
evolution increasing started at day 2 and then decreasing at day 6 asit 
reaches the carrying capacity. Besides, the estimated biomass evolution 
ofmicroalgae Chlorella Vulgaris in SM_NO3is the highest while the lowest 
is in SM_NH4. For theestimated biomass evolution of Chlorella Vulgaris 
inSM_NO3, the growth rate increasing started from day 0 (83 mg(SS∙L)
-1
) 
and reaches its maximum cell concentration to 1239 mg(SS∙L)-1 at day 6 
while the growth rate in SM_NH4increasing started fromday 0 (42 
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mg(SS∙L)-1) and reaches its maximum cell concentration to 155 mg(SS∙L)-
1
at day 6. Moreover, the estimatedbiomass evolutionfor WW+NP and 
WW+NP+M are almost same while the second lowest isWW. 
 
 
Fig. 1.(a) Biomass evolution of Chlorella Vulgaris in different types of 
wastewater [5]& (b) Estimated biomass evolution of Chlorella Vulgaris in 
different types of wastewater (dashed yellow line–SM_NH
4
, dotted red line–WW, 
dotdashed green line–WW+NP, dotdashed purple–WW+NP+M and solid blue 
line–SM_NO
3
) 
3.2  Nutrient Removal by microalgae Chlorella Vulgarisin 
Different Types of Wastewater 
The nutrient removal of Chlorella Vulgaris is estimated by using the 
Verhulst model shown in Eq. (7). There are five types of wastewater that 
has been investigated for microalgaeChlorella Vulgaris which are 
SM_NO3, SM_NH4, WW, WW+NP and WW+NP+M[5]. The parameters of 
total nitrogen and phosphorus removal by microalgaeChlorella Vulgaris 
for Verhulst model can be referred in Table 2 and Table 3, 
respectively.The reproduced result for total nitrogen and phosphorus 
removal by microalgaeChlorella Vulgaris in different types of 
wastewatercan be demonstrated in Fig. 2 and Fig. 3, 
respectively.Generally, the results reveal that the nutrients are decreasing 
until it achieves at certain level. 
 
 
 
 
 
 
 
 
 
(a) 
 
 
 
 
 
 
 
(b) 
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Table 2.Parameters of total nitrogen removal byChlorella Vulgaris [5] 
Parameters SM_NO3 SM_NH4 WW WW+NP WW+NP+M 
oS (mg(TN∙L)
-1
)) 29.0 30.5 18.3 28.3 28.4 
naS (mg(TN∙L)
-1
) -0.6 14.9 -0.2 -0.7 -0.4 
 (d
-1
) 1.5 2.5 1.4 1.6 1.7 
Table 3.Parameters of total phosphorus removal byChlorella Vulgaris[5] 
Parameters SM_NO3 SM_NH4 WW WW+NP WW+NP+M 
oS (mg(TP∙L)
-1
)) 3.0 2.9 0.5 2.3 2.4 
naS (mg(TP∙L)
-1
) -0.1 1.0 0.1 0.1 0.1 
 (d
-1
) 2.0 3.2 8.7 4.4 4.1 
 
Based on Fig. 2 (b), it shows that the estimated total nitrogen removal 
concentration is decreasing and reaches its maximum total nitrogen 
removal concentration in the day 2 as the microalgae take up the nutrients 
and grow. The estimated total nitrogen removal by Chlorella Vulgaris in 
SM_NH4 is the highest nitrogen removal concentration while the lowest 
nitrogen removal concentration is in WW. For the estimated total nitrogen 
removal by Chlorella vulgaris in SM_NH4, the total nitrogen concentration 
decreasing from day 0 (30.5 mg(TN∙L)-1) and reaches its maximum total 
nitrogen removal concentration to 14.9 mg(TN∙L)-1 in day 2 while the 
estimated total nitrogen removal by Chlorella vulgaris in WW, WW+NP, 
WW+NP+M and SM_NO3 started with different initial substrate 
concentration deplete all the way to zero mg(TN∙L)-1 at the day 3. 
Besides, Fig. 3 (b) shows that the estimated total phosphorus 
removalconcentration is decreasing and reaches its maximum total 
phosphorus removalconcentration in the day 1 as the microalgae take up 
the nutrients and grow. Theestimated total phosphorus removal by 
Chlorella Vulgaris in SM_NO3is the highestphosphorus removal 
concentration while the lowest phosphorus removalconcentration is in 
WW. For the estimated total phosphorus removal by Chlorella Vulgaris in 
SM_NO3, the total phosphorus removal concentration decreasing from 
day0 (3.0 mg(TP∙L)-1) and deplete all the way to zero mg(TP∙L)-1 at the 
day 3 while theestimated total phosphorus removal by Chlorella Vulgaris 
in WW, WW+NP,WW+NP+M started with different initial substrate 
concentration deplete all the wayto zero mg(TP∙L)-1 at the day 1. Lastly, 
the estimated total phosphorus removal byChlorella Vulgaris in SM_NH4 
with the initial substrate concentration 2.9 mg(TP∙L)-1deplete all the way to 
1 mg(TP∙L)-1 at the day 1. 
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(a) 
 
 
 
 
 
 
(b) 
Fig. 2.(a)Total nitrogen removal of Chlorella Vulgaris in different types of 
wastewater [5]& (b) Estimated total nitrogen removal of Chlorella Vulgaris in 
different types of wastewater (dashed orange line–SM_NH4, solid blue line–
SM_NO3, dotdashed green line–WW+NP, dotted purple line–WW+NP+M and 
dotdashed pink line–WW) 
 
 
Fig. 3.(a)Total phosphorus removal of Chlorella Vulgaris in different types of 
wastewaters [5] & (b) Estimated total phosphorus removal of Chlorella Vulgaris 
in different types of wastewaters (dashed orange line–SM_NH4, Solid blue line–
SM_NO3, dotdashed green line–WW+NP, dotted purple line–WW+NP+M and 
dotdashed pink line–WW)  
 
 
 
 
 
 
 
(a) 
 
 
 
 
 
 
 
(b) 
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4 Microalgae Botryococcus sp. Growth and Nutrient 
Removal in Domestic Wastewater 
4.1  The Microalgae Growth of Botryococcus sp. in 
Domestic Wastewater 
The microalgae growth of Botryococcus sp. is estimated by using the 
Verhulst model as in Eq. (3). The data for the microalgae Botryococcus sp. 
growth is taken from [6], while the parameters of microalgae Botryococcus 
sp. growth are provided in Table 4. 
Table 4: Parameters of microalgae Botryococcus sp. growth 
Parameters Cell concentration in 20 days 
oX (cell/mL) 1000 
mX (cell/mL) 275900 
 (d
-1
) 3.454 
 
The growth of microalgae Botryococcus sp. in 20 days can be 
visualized as in Fig. 4. The continuous plot line represents the growth of 
microalgae Botryococcus sp. estimated by using the Verhulst model. 
Meanwhile, the discrete plot is the experimental data of the cell 
concentration of microalgae Botryococcus sp. in 20 days. From the 
estimated results, it is clear that the graph has the lag phase from day 0 to 
day 1, then exponential phase from day 1 to day 2. Next, the linear phase 
from day 2 to day 3 and diminishing growth phase from day 3 to day 4. 
Lastly, stationary phase starting from day 5 until day 20 which reaches the 
maximum growth concentration at 275900 cell/mL. All of this phases lead 
to the well-defined of the microalgae growth rate in the batch cultures.  
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Fig. 4.Microalgae growth of Botryococcus sp. in 20 days (Continuous plot line – 
estimated by the Verhulst model and Discrete plot – experimental data). 
4.2  Nutrient Removal by microalgae Chlorella Vulgarisin 
Different Types of Wastewater 
The nutrient removal by microalgae Botryococcus sp. is estimated by using 
the Verhulst model that has been shown in Eq. (7). In this research, there 
are five different types of nutrient that are considered has been removed 
from domestic wastewater by microalgae Botryococcus sp. The nutrients 
are total phosphorus, total carbon, inorganic carbon, nitrate and 
phosphate.The parameters of the nutrient removal by microalgae 
Botryococcus sp. are provided in Table 5. 
Table 5: Parameters of nutrient removal by microalgae Botryococcus sp. 
Parameters Total  
Phosphorus 
Total 
Carbon 
Inorganic 
Carbon 
Nitrate Phosphate 
oS (mg(TN∙L)
-1
) 3.267 24.390 18.863 3.120 267.503 
naS (mg(TN∙L)
-1
) 0 13.990 0.225 0.455 0 
p (d
-1
) 5.880 0.328 0.663 0.760 0.510 
Y (mg/L)
 
28.572 8.975 5.008 35.026 0.349 
 
The nutrient removal by microalgae Botryococcus sp. in 20 days from 
domestic wastewater can be visualized as in Fig. 5.According to Fig. 5, the 
graph shows the nutrients are decreases until it achieves at certain level. 
The most efficient nutrients removal are phosphorus and phosphate where 
there are completely removed from the wastewater. Besides that, both 
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nutrients of carbon and nitrate are decreases until it achieves at certain 
level which is 114.06mg L and 10.46mg L , respectively. Then, the excess 
nutrients remain at constant level in the reactor. Conversely, the amount of 
inorganic carbon reduces from 118.86mg L  to 10.23mg L  but the constant 
level do not achieved within 20 days. This shows that microalgae 
Botryococcus sp. is an excellent tool for treating the domestic wastewater 
enriched by nutrient of phosphorus and phosphate. However, the other 
nutrients can be removed by microalgae Botryococcus sp. from the 
domestic wastewater until it achieves the certain level only. The nutrients 
that absorbed from the wastewater are used in the microalgae activity and 
also to increase the productivity of microalgae. Therefore, it is clearly that 
phosphorus and phosphate are the most efficient element that can be 
removed by microalgae Botryococcus sp. than the other nutrients. In 
conclusion, microalgae Botryococcus sp. gives positive responds to the 
domestic wastewater where they can treat the wastewater properly and 
efficiently while the result from the graph are similar with the 
experimental result in [6]. 
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Fig. 5.Totalnutrients removal by microalgae Botryococcus sp. in domestic 
wastewater for 20 (continuous plot line – estimated by the Verhulst model and 
discrete plot – experimental data). 
(a) Phosphorus (b) Carbon 
(c) Inorganic Carbon (d) Nitrate 
(e) Phosphate 
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5 Conclusions 
This research determines the growth and nutrient removal by microalgae 
Botryococcus sp.from domestic wastewater using the Verhulst model.The 
maximum growth concentration of microalgae Botryococcus sp.in 
domestic wastewater is recorded as 275900 cell/mL.Meanwhile, the most 
effective nutrients removal from domestic wastewater are phosphorus and 
phosphate, where both nutrients are completely removed from the 
domestic wastewater. Besides that, the results for other nutrients 
aredecreasing as the microalgae Botryococcus sp. consume the nutrients in 
the domestic wastewater, which lead to the well-defined of the nutrient 
removal by the microalgae in batch cultures. Therefore, the high 
absorption of nutrients by the microalgae Botryococcus sp.has shown their 
effectiveness for treating domestic wastewater. 
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Abstract.One of the most important elements for the overall 
economic development in any country all over the world is road 
development. When the roads have a better interconnected network, 
it will help the economic activities such as trade to increase. As a 
country develop, the demand for efficient road transportation will 
get increase and highways are required to meet this increased 
demand. In Malaysia, the development of highway is part of 
government commitment to ensure economic growth of economic 
so that it will improve the quality of life in the society. Projek 
Lebuhraya Usahasama Berhad (PLUS) is one of the highway 
operators in Malaysia. It is also the largest highway concessionary 
or build–operate–transfer (BOT) operator company in Malaysia. In 
this paper, the traffic burden of Skudai toll plaza is studied by 
considering all PLUS toll plazas as a complex network.  The data 
used is based on the number of vehicles entering from each PLUS 
toll plazas to Skudai and exiting from Skudai to other PLUS toll 
plazas. The data analysis is based on the measure of similarity 
among toll plazas along PLUS highway where Skudai toll plaza as 
the origin and destination. The interrelationships amongst toll plazas 
are studied by using minimum spanning tree (MST). The 
interpretation of MST is conducted by using centrality measures 
